This manuscript presents a modeling approach based on the extended finite element method (XFEM) for modeling three dimensional short fiber composites. Short fibers are incorporated into the XFEM framework as deformable elastic two dimensional rectangular planar inclusions.
Introduction
Incorporation of short fibers enhance the mechanical properties of many engineered materials, including increase in elastic modulus, load carrying capacity, flexural strength and flexural toughness [1, 2, 3] . The short fiber composite materials also provide unique and favorable functional properties, including crack control, electromagnetic field shielding and self sensing (e.g. [4, 5, 6] ). This manuscript presents an extended finite element method (XFEM) to model high aspect ratio short fiber composites in three dimensions. In the proposed approach, fibers are represented as two dimensional elastic deformable planar rectangles with progressive debonding capabilities on the fiber-matrix interface.
The elastic and strength properties of short fiber reinforced composites have been modeled using the micromechanical approach based on Eshelby's solution of ellipsoidal inclusions combined with the Mori-Tanaka scheme [7, 8] , and Hashin-Strichman bounds [9] , and others.
While micromechanical based analysis provides good estimates of the homogenized properties of the composite, localized failure mechanisms as well as debonding between the constituents are not directly modeled. A fuller understanding of the idealized failure response can be gained based on detailed numerical analysis of the resolved representative volume elements (RVEs) [10, 11] . This approach is useful for understanding fiber interactions within dilute concentrations [12, 13] , but direct numerical analysis in the presence of a large number of high aspect ratio fibers is computationally infeasible. This is because, the discretization of the domain must utilize small elements to resolve the fiber and ensure mesh compatibility between the fibers and the matrix for an accurate response.
Various methods have been proposed to eliminate the need to finely discretize the entire domain with finite elements, including the varational multiscale enrichment method, in which there is fine scale representation at small subdomains around material heterogeneity (see e.g., [14, 15, 16] ). Approaches to eliminate the need for direct resolution of individual fibers in reinforced composites have been previously proposed. Analytical models for short fiber composites have been developed to capture the elastic response and estimate fiber stresses [17, 18] .
Numerical models have been also developed to account for embedded fibers by idealizing the fibers as truss elements using their end coordinates, without explicitly discretizing within the finite element mesh [19, 20] .
Applying the principles of XFEM is an alternative approach to model the behavior of fiberreinforced composites. With the XFEM approach, the need to discretize individual fibers and the need to enforce mesh compatibility between the fibers and matrix phase is eliminated.
The approximation basis enrichment strategy of XFEM furnishes the standard finite element basis with additional nodal enrichment functions capable of representing inhomogeneities and discontinuities within the problem domain without explicitly representing them through meshing [21, 22] . The enrichment functions are known a-priori to represent the response well within the whole domain or a subdomain of the problem, around strong or weak discontinuities and incorporated such that the partition of unity property for the enrichment is satisfied [23] . XFEM has been successfully used to model strong and weak discontinuities [24, 25, 26] , multiple cracks and inclusions [27, 28, 29] , as well as cohesive behavior [30, 31] in a 2-D setting.
XFEM modeling of cracks in three dimensional problems has been recently proposed for fatigue and dynamic propagation [32, 33, 34, 35] , amongst others. Duarte et al. [36] accounted for the presence of internal boundaries and geometries in a 3-D domain. Three dimensional woven fiber composites were modeled using XFEM by Moës et al. [37] . The modeling of cylindrical fibers has been proposed by Soghrati and Geubelle [38] . Oswald et al. [39] developed an approach to model carbon nanotube and thin films using 3-D XFEM.
Similar in principals to XFEM modeling, methods to model inclusion discontinuities have been proposed (e.g., [40, 41, 42, 43] ). Radtke et al. [44, 45] were the first to model high aspect ratio fibers as zero measure elastic inclusions in the context of short fiber reinforced composites.
The strong discontinuity present due to tangential debonding at the fiber-matrix interface was modeled with a Heaviside enrichment function. Tangential slip was idealized based on a nonlinear cohesive law, while the normal fiber-matrix interface separation was not considered.
Previous work performed by the authors developed a two dimensional formulation of high aspect ratio fiber composites using XFEM. An XFEM model for random rigid short fibers in an elastic domain was proposed in [46] . Refs. [47, 48] formulated a progressive failure model for random short fiber reinforced composite materials for elastic deformable fiber inclusions that accounts for the presence of multiple fibers within close proximity.
This manuscript builds on the ideas of Radtke and co workers as wells as Refs. [46] - [48] , and presents a three dimensional XFEM model for short fiber composites. In a three dimensional setting, high aspect ratio fibers are modeled as two dimensional planar rectangular inclusions.
The fibers are taken to be elastic and deformable in the axial direction, which is the dominant deformation mechanism for short fibers embedded in a matrix domain. Fiber and debonding enrichment functions account for the presence of the fibers within the composite domain, and idealize the progressive debonding on the fiber-matrix interfaces, respectively. The capabilities of the proposed XFEM model are verified against the direct finite element method and the performance of the model is assessed. The proposed formulation includes the following key features: (1) The high aspect ratio fiber is modeled as a two dimensional rectangular inclusion in three dimensions, where the resolved faces are used to initiate debonding; (2) 3-D enrichment functions are used to account for traction-separation behavior and the strain discontinuity at fiber-matrix interfaces; (3) Multiple zero measure inclusions are incorporated in the same element to allow the presence of fibers close to one another without excessive localized meshing; and (4) The present formulation accounts for decohesion in both tangential and normal directions.
The remainder of this manuscript is organized as follows. In Section 2, the XFEM method for a three dimensional domain is presented. Section 3 provides the governing equations and computational formulation, particularly the details of the numerical integration for various enrichment types. Numerical verification studies to assess the performance of this approach are presented in Section 4. Conclusions and future research directions are discussed in Section 5. 
3-D Enrichment Functions
In this manuscript, short fibers in a three dimensional XFEM domain are modeled as two dimensional objects. Fibers are taken to have high aspect ratios with l >> w >> t, where l, w, and t denote length, width and thickness of the fiber respectively (Fig. 1) . Fibers of such geometry are employed in [2, 49, 50] in a cement domain. Other work utilizing rectangular short fibers of different sizes and materials has also been performed in Refs. [51, 52, 53] .
Considering no twisting, a fiber is defined by three corner points of the thin rectangle, which forms the plane of the fiber along with its width. Fibers are modeled as two dimensional inclusions due their high aspect ratio.
The displacement field discretization that accounts for the planar fibers is expressed as [48] :
where, the displacement field is denoted as u; the space coordinate is x; n n the total number of mesh nodes in the finite element discretization; n is the number of fibers, n α en is the number of enriched nodes for fiber α; N a , the standard finite element shape function associated with node a;û a ,ĉ bα andd cα the nodal coefficients of the standard, fiber enrichment and debonding enrichments for each fiber α, respectively; I α is the index set of enriched nodes for fiber α; I α a ∈ I α the index of an enriched node, a. The fiber enrichment and the debonding enrichment functions are denoted as ψ α and Υ α , respectively.
The first right hand side term in Eq. 1 represents the standard finite element approximation.
The second term represents the presence of the fiber within the domain, in which the strain discontinuity in the approximation space is a function of the fiber enrichment function, ψ α .
The third term corresponds to the separation along the face of the fiber and the matrix due to the progressive loss of cohesion between them.
Fiber enrichment function
The enrichment function for the fiber is expressed in terms of a distance function to the fiber body. For simplicity, α, which indicates the the fiber, is omitted in this and the next section.
The reinforcing fiber is taken to be entirely embedded in the open bounded domain of the three dimensional composite body, Ω ⊂ R 3 . The distance function associated with the fiber body, φ c (x), is expressed as:
where, x p is any point on the fiber domain, and φ c represents the distance from any point in the domain to the fiber body.
The distance function from Eqs. 2 is used to express the enrichment function for the fiber as the smallest distance between any point and the fiber domain:
The enrichment function is displayed in Fig. 2a for a randomly placed short fiber in a three dimensional domain, where the value of the enrichment function increases from blue (zero) to red (highest). Cross sectional contours of the enrichment function are shown in Figs. 2b-c.
The enrichment function, ψ, incorporates a strain discontinuity mode along the fiber position and the displacements around the fiber can be captured without explicitly discretizing the fiber domain. The form of Eq. 3 for the enrichment function ensures that the approximation basis captures the strain discontinuity but stays smooth otherwise around the sides and face of the fiber.
Debonding enrichment function
The debonding enrichment function describes the debonding between the fiber and the matrix and introduces a strong discontinuity in the displacement field. To model the shape of the debonding between the fiber and matrix interface in three dimensions, a Heaviside function is used to represent the physical separation in the normal and tangential directions. Since the fiber is idealized as planar, the debonding is considered along the plane of the fiber. The possibility of debonding along the sides of the fiber is not considered in this work.
The debonding enrichment function is expressed in terms of the level set functions describing the fiber domain. The level set associated with the plane of the fiber φ f (x), is expressed as:
wheren is the normal vector to the fiber and x c is a reference point on the plane of the fiber, set to the center of the fiber. φ f divides the domain along the plane of the fiber and is the signed distance function, which vanishes on the fiber plane. The level set functions for the fiber edges, e, are expressed as:
in which, e represents the fiber edge, t e denotes the tangent at the fiber edge, x x 1 is a end point on the fiber edge, e (i.e. fiber corner point). φ e provides the zero level set along the plane normal to the fiber edge, e, with positive values on one side of the domain cut by φ e and negative elsewhere in the domain.
The debonding enrichment function for the fiber is then expressed in terms of the discontinuity functions as:
The debonding enrichment function, Υ, is employed to capture debonding along both normal and tangential directions. Interfacial damage in directions normal and tangential to the fibers has been observed experimentally in fiber reinforced composites (see, e.g. [54] ).
Governing Equations and Computational Formulation
The mechanical equilibrium and boundary conditions within the three dimensional domain for a composite is expressed as:
in which, σ is the stress tensor; ∇ the divergence operator; and denotes the strain tensor.
The strain is taken to be the symmetric gradient of the displacement field ( = ∇ s u). L is the tensor of elastic moduli of the matrix or of the fiber, as a function of position within the domain, taken to be symmetric and positive definite.ũ andt are the prescribed boundary displacements and tractions defined on boundaries Γ u and Γ t , respectively, such that Γ u ∩Γ t = ∅ and ∂Ω = Γ u ∪ Γ t . The domains of fiber α, and the matrix are denoted as Ω α and Ω m , respectively. The short fibers do not intersect with each other (i.e., Ω = Ω m ∪ n α=1 Ω α ) and are taken to be embedded fully in the matrix. In this study, the matrix and fibers are taken to be elastic. It is straightforward to consider non linear or damage behavior within the matrix as demonstrated in a 2-D setting in Ref. [47] .
Across the fiber-matrix interface the traction continuity is expressed as:
in which the traction T , is defined in the local coordinate system as a function of the normal and tangential components; n is the outward unit vector to the boundary; and J·K is the jump operator. Γ α represents the interface between the fiber, α, and the matrix.
A cohesive law describing the relationship between surface traction and separation represents the physical deterioration that occurs at the fiber-matrix interface. A bilinear cohesive law is considered:
in which, JûK, is the displacement jump vector (i.e. separation) defined in the local coordinate system; d i the cohesive characteristic separation length for the normal and tangential directions To develop the weak form of the model from Eqs. 7-11, standard finite element procedure is used and the weak form is expressed as follows:
where, δu denotes the test function; and δ the gradient of the test function.
With the condition that the short fibers have high aspect ratios, we assume that tractions (a) initial RVE with the short vertical fiber before tensile loading; (b) amplified deformed RVE with the short vertical fiber after tensile loading; and (c) amplified deformed RVE with the short vertical fiber after shear loading.
along the two opposing faces of a fiber in the thickness direction are uniform. Debonding along the two faces of a fiber would typically occur concurrently for a short fiber embedded in a matrix under the traction conditions. However, the fiber-matrix debonding is likely to initiate at a weak spot at one face of the fiber. Upon complete debonding at the weak face, the tractions along the opposing (unbonded) face relax. Since the width of the fiber is significantly smaller than the length, l α /w α 1, tractions across the width of the fiber are also taken to be uniform.
Fibers are assumed to be fully embedded in the domain, have high aspect ratios and subjected to approximately uniform tractions along the length of the fiber. No significant shear stress or bending moment develops within the domain of the fiber and the stress in the fiber is taken to be predominately axial. These considerations are verified using direct finite element simulations where the fiber is resolved with highly resolved meshes in three dimensions. Fig. 3 displays a finite element simulation of a cross section cut of a vertical short fiber (l/w/t = 1000/20/1) in a matrix domain subject to tensile and shear loading. Fig. 3a displays the initial state, where Fig. 3b shows the deformation state under tensile loading. The displacements are amplified for visualization purposes and the figures shows that fiber bending is insignificant. Fig. 3c demonstrates the deformation profile under shear loading, which also exhibit insignificant bending in the fiber.
With the high aspect ratio fiber and the assumption of uniform stress across the width of the fiber, the third term in Eq. 13 approximated as:
where, A f α is the cross sectional area of the fiber. The axial stress in fiber α, is taken to be proportional to the axial strain (i.e., σ α f = E f α f ), where E f is the elastic modulus of the fiber. The domain of the matrix is taken to occupy the entire domain, since the domains of the fibers are vanishingly small and modeled as zero measure inclusions (i.e., 2-D). The weak form of the governing equations for the fiber composites then becomes:
XFEM is employed to discretize and evaluate the governing equations (Eqs. 7-15). The standard Ritz-Galerkin procedure is utilized and results in a nonlinear system, which is incrementally evaluated using the Newton-Raphson method. The 3-D formulation associated with the extended finite element discretization generally follows the 2-D counterpart, which is described in detail in Refs. [47, 48] . In what follows, we describe the numerical integration of various enriched elements, necessary to evaluate Eq. 15 in the XFEM context.
Numerical integration
In XFEM, the extent of the subdomain around an inclusion that is enriched is chosen based on the geometry or the discretization. A geometry-based approach is considered for modeling cracks using specified a radius around the crack tip since the stress fields around the crack tip vary as a function of the distance from the tip. In this work, the enrichment domain is chosen based on the discretization since the enrichments functions accurately represent the local behavior around the inclusion. Various methods to integrate enrichment functions in three dimensions have been investigated in Refs. [55, 56, 57] . The cohesive interface integration is performed using two dimensional Gauss quadrature on the two dimensional domain of the fiber. The interface integration is independent of the domain discretization. The fiber-matrix interface Γ α is divided into multiple rectangular domains, based on the length of the fiber, l α . Each rectangular domain uses a 4-point quadrature rule to perform the cohesive integration on the fiber domain.
Numerical Examples
In this section, the performance of the proposed model in capturing the response of short fiber reinforced composites is assessed. The first example investigates the accuracy characteristics of a randomly oriented single fiber embedded in a domain with elastic matrix perfectly bonded with the fiber, as well as in the presence progressive debonding along the fiber-matrix interface.
The second example investigates the fiber-matrix debonding and localized stresses for a case with two randomly oriented fibers in close neighborhood with each other. The effects of the orientation of the fiber interface within the domain in relation to the applied loading, the influence of the aspect ratio of the fiber with respect to the interface debonding are presented next. The last study evaluates the response of a domain reinforced by multiple fibers. 
Single fiber inclusion
The schematic representations of the model problems are shown in Fig. 5 . Two cases are investigated: a cubic domain subjected to uniform displacement controlled tensile loading (Fig. 5a) ; and a domain subject to uniform displacement controlled shear loading (Fig. 5b) . When included, progressive debonding at the fiber-matrix interfaces is modeled using the bilinear cohesive zone law (defined in Eq. 12) for both the proposed model and the reference simulations. The peak normal traction and normal cohesive characteristic separation length are set as 10 MPa and 1 nm respectively. The peak shear traction and shear cohesive characteristic separation lengths are set identical to their normal counterparts. The maximum cohesive separation length is taken as 8 nm both for normal and shear directions [58] .
In the proposed XFEM model, the domain is discretized with a uniform grid (hexahe- Figure 6 shows the point-wise displacement errors of the proposed XFEM model with respect to the reference simulation for the tensile (Fig. 6a-b ) and shear loading (Fig. 6c-d) cases. The point-wise error was computed using the L2-norm for each case and presented as a 
Two fiber inclusion
In this section, a two fiber inclusion example is studied and compared against the direct finite element method to assess the accuracy of the proposed approach in capturing interfacial debonding and stress. Two fibers are placed neighboring each other in the domain subjected to uniform displacement controlled tensile loading. (Fig. 8a) , displays approximately the same maximum amplitude over the length of the fiber for both models. In both simulations, the ends of the fiber display a displacement jump. The debonding computed by the proposed model at each of the fiber tips was slightly greater than that of the reference simulation. Figure 8b shows the displacement jump along the fiber length with respect to fiber 2. The shape of the debonding in the proposed model does not match exactly to the reference simulation, but does display similar magnitude and shape. In both fibers, the magnitude of the displacement jump is controlled by the normal displacement jump, since in these examples, the face of the fiber is parallel to the direction of loading. The displacement jump in both fiber 1 and fiber 2 display partial separation across their respective lengths. A three dimensional representation of the progressive debonding in the x, y, and z directions is illustrated in Fig. 9 , for (a) a planar view in the X-Y plane, (b) a three dimensional view of the debonding in the domain and (c) a magnified view of the three dimensional debonding. The debonding is amplified (1e5 times) to show the magnitude and shape of displacement jumps. The slight discrepancy between the displacement jump profiles computed by the proposed and reference models is attributed to the discretization error introduced by the coarser XFEM mesh especially in capturing the high displacement jump gradients at the fiber tips. Figure 10(a-b) illustrate the local variation of the normal-stress around fiber 1 as computed by the reference model (Fig. 10a ) and the proposed model (Fig. 10b) , at the time step when tractions along the interface are near the peak value. The stress contours are from the crosssection parallel to the X-Y plane at Z=1.75 mm. In both the reference model and proposed model, the stress field away form the fibers is uniform. Around the fiber, the stress distributions computed by the proposed and reference models are similar. Figures 10c-d compare the stress distributions of the proposed and reference models at a time step, when the interface separations along the fibers are near "maximum" separation (i.e., separation beyond which tractions vanish). Higher stress concentrations are captured by both models at each of the fiber tips. Along the fiber edges, relatively low stresses occur as the tractions unload within the softening regime of the cohesive behavior, past peak tractions. The stress variations around fiber 2 near the peak traction and near maximum separation are displayed in Fig. 11 . Figure 11 (a-b) illustrate the local variations in the normal stress around fiber 2 as computed by the reference model (Fig. 11a ) and the proposed model 
Effect of fiber orientation
The orientation of the fiber relative to the loading direction significantly affect the response of the composite. In this section, the effect of the orientation of the fiber with respect to the direction of the load is investigated.
The single fiber case discussed in Section 4.1 is modeled with progressive debonding for various fiber orientations. The same material parameters, cohesive law and boundary conditions are used in the example above are employed. The mesh size is set at h=0.125 mm for all simulations. The fiber is rotated about its center axis for 13 different angles. The angle is measured at θ f =0 • for fiber face completely parallel to the direction of the load in the X direction (Fig. 12b) . θ f is rotated every 15 • until the fiber face is perpendicular to the direction of the load in both directions. The maximum normal separation along the fiber interface is reported in Fig. 12a , for angles ranging from -90 • to 90 • . Naturally, the maximum normal displacement jump occurs when the fiber face is parallel to the direction of the load. When the fiber is rotated 15 • in either direction, there is a steep drop in maximum normal separation at the same load amplitude. The maximum normal separation decreases when the fiber face continues to rotate toward being perpendicular to the load. When the fiber face is completely perpendicular to the load, there is negligible normal separation. It can be seen that the direction of the fiber face influences the response of the fiber-matrix debonding.
Effect of fiber aspect ratio
We next investigate the effect of the aspect ratio of the fiber (l/w) on the interface debonding properties. A composite with a single fiber, with the orientation of the fiber parallel to the direction of the load, is modeled with various aspect ratios using the proposed XFEM model. Figure 13 shows the maximum of the normal separations along the fiber length plotted against the fiber aspect ratio at identical load amplitudes. Seven different fiber aspect ratios are modeled ranging from 5 to 200. The largest maximum normal separation occurs with the lowest fiber aspect ratio (5). The maximum normal separation drops as a function of the aspect ratio. There appears to be an exponential decrease of separation with the increase in aspect ratio, with minimal change in separation between the larger aspect ratio fibers. As illustrated, the aspect ratio of the fiber significantly effects the response of the debonding.
Dense fiber domain
This section investigates a three dimensional dense fiber domain with the proposed XFEM approach for the progressive debonding response. A domain of 4mm x 4mm x 4mm is taken were approximately 100 fibers that resulted in a maximum interface separation of less than 2.5e-6 mm. 75 fibers had a maximum separation between 2.5e-6 mm and 5e-6 mm, 30 fibers had a maximum separation between 5e-6 mm and 7.5e-6 mm and 45 fibers resulted in a maximum separation over 7.5e-6 mm. Fig. 15b displays the severity of debonding. The majority of the fibers in the domain displayed partial separation at their fiber-matrix interface (175 of the 250 fibers). 30 fibers showed no separation and 45 fibers had complete separation at the fiber matrix interface. The varied separations of the fibers occur due to the fiber position and face orientation.
Conclusions
The formulation and implementation of an extended finite element method (XFEM) approach for modeling short fiber composites in a three dimensional domain was presented. Short fibers were incorporated into the XFEM framework as elastic two dimensional rectangular planar inclusions that were able to deform in the axial direction. A fiber enrichment function to account for the fiber presence and a debonding enrichment function accounting to idealize the progressive debonding on the fiber matrix interfaces were developed. The approach provided a modeling strategy for very high aspect ratio inclusions with fiber matrix debonding capabilities in three dimensions. The performance of the XFEM approach was assessed against the direct finite element method for single and two fiber domains cases and displayed high accuracy. The XFEM model also investigated the response of dense short fiber microstructures.
While the XFEM model in this manuscript works well for the problems analyzed, several challenges remain in more realistic and complicated applications. A key feature that needs to be addressed is the modeling of realistic fiber volume fractions (e.g. 0.5%, 1%) of high aspect ratio fibers in order to compare and reproduce with experiments. Using high aspect ratio fibers to achieve the realistic fiber volume fractions produces a significant amount of fibers in the RVE, which results in numerous fibers in close proximity of each other. This may affect the approximation of the composite and this issue requires further investigation. The interfacial properties can alter various mechanical properties of the composites, including flexural strength and ductility. In this work, the interface properties were considered along the entire length of the fiber-matrix interface, in reality their bond may differ at different locations along the length. Therefore, spatial variability should be considered to accurately access the interfacial response. Furthermore, many of the fibers employed in short fiber reinforced composites have circular cross sections, which the debonding orientation is dictated by loading direction rather than cross sectional properties. The proposed strategy will be generalized to account for fibers with circular cross sections.
